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Noncommutative clusters, informal introduction

A (noncommutative) cluster structure on a graded K-algebra A
consists of a certain graded group BrA together with a collection of

homogeneous embeddings ι of a given graded group G into the

multiplicative monoid A× (these embeddings are referred to as

noncommutative clusters) and a faithful homogeneous action .ι of BrA

on G for any ι such that:

The extensions ι : KG→ A are injective and their images generate A
(and A is a isomorphic to a noncommutative localization of KG).

(monomial mutation) For any ι and ι′ we expect a (unique)

automorphism µι,ι′ of G which intertwines between ι and ι′ as well as

between BrA-actions .ι and .ι′ .
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Noncommutative clusters, informal introduction

For any cluster homomorphism f : A → A′ we expect a unique (up to

conjugation) group homomorphism f∗ : G→ G′ so that the induced

homomorphism BrfA := {T ∈ BrA : T (Ker f∗) = Ker f∗} → BrA′

is injective.

In many cases we expect a (noncommutative) Laurent Phenomenon:

Given a cluster ι : G ↪→ A×, for any cluster ι′ : G ↪→ A× there is a

submonoid Mι′ ⊂ G generating G such that ι′(Mι′) is in the semiring

Z≥0ι(G), moreover,

ι′(m) = ι(µι,ι′(m)) + lower (upper) terms in ι(G)

for any m ∈Mι′ .
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Example: Ordinary and quantum cluster structures

The localization A of a (quantum) cluster algebra A, determined by

an m× n exchange matrix B̃ (and compatible m×m skew-symmetric

matrix Λ), by the set X of all of its cluster variables satisfies all of the

above requirements with G ∼= Zm (or its central extension Gq in quantum

case) so that QG = Q[x±1
1 , . . . , x±1

m ] for a given cluster {x1, . . . , xn} in A.

The well-known commutative/quantum Laurent Phenomenon asserts that

the set of all (quantum) cluster variables belongs to the group algebra QG
which is an instance of its noncommutative counterpart stated above. In

these cases, BrA is essentially the group of symplectic transvections

introduced by B. Shapiro, M. Shapiro, A. Vainshtein, A. Zelevinsky in

2000) and it is always a quotient of an appropriate Artin braid group.
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Non-commutative polygon
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Non-commutative n-gon Σn

Σn: disk with n marked points, labeled clockwise by 1, 2, · · · , n, on

the boundary;

[n] := {1, 2, · · · , n};

Definition [Berenstein-Retakh]

The non-commutative n-gon A(Σn) is defined to be the non-commutative

algebra generated by xij , i 6= j ∈ [n], subject to

(triangle relation) xijx
−1
kj xki = xikx

−1
jk xji for any triangle (i, j, k);

(Ptolemy relation) xjl = xjix
−1
ki xkl + xjkx

−1
ik xil for any quadrilateral

(i, j, k, l) on Σn.
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For any triangle (i, j, k), define T jki := x−1
ji xjkx

−1
ik = x−1

ki xkjx
−1
ij .

Call it the angle at i.

(Triangle relations) T jki = T kji for distinct i, j, k.

(Ptolemy relation) Angle is additive

x−1
ji xjlx

−1
il = x−1

ki xklx
−1
il + x−1

ji xjkx
−1
ik , T jli = T jki + T kli .

i

jk

i j

kl
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Non-commutative Laurent phenomenon

For any triangulation ∆ of Σn, the total angle Ti(∆) is defined to be∑
(i,j,k)

T jki ,

where (i, j, k) runs over all triangles incident to i in ∆.

Proposition.

For any i ∈ [n], the total angle Ti(∆) does not depend on the

triangulation, i.e., Ti(∆) = x−1
i−ixi−i+x

−1
i+i

= T i
−,i+

i .
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Non-commutative Laurent phenomenon

Theorem [Berenstein-Retakh]

For any triangulation ∆ of the n-gon and for any distinct i, j ∈ [1, n], we

have

xij =
∑

i=(i1,...,i2m)

xi,

where the summation is over all (ij)−admissible sequences i in ∆, i.e.,

i1 = i, i2m = j and (is, is+1) ∈ ∆ for s = 1, . . . , 2m− 1;

an edge (is, is+1) intersects (i, j) iff s is even;

If p := (ik, ik+1) ∩ (i, j) 6= ∅ and q := (i`, i`+1) ∩ (ij) 6= ∅ for some

k < `, then the point p of (ij) is closer to i than q.

and xi := xi1,i2x
−1
i3,i2

xi3,i4 · · ·x−1
i2m−1,i2m−2

xi2m−1,i2m
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Non-commutative Laurent phenomenon

Example

If n = 5 and ∆ = {(1, 3), (3, 1), (1, 4), (4, 1); (i, i± 1)|i ∈ [5]}, then

x−1
21 x25x

−1
15 = x−1

21 x23x
−1
13 + x−1

31 x34x
−1
14 + x−1

41 x45x
−1
15 .

x25 = x23x
−1
13 x15 + x21x

−1
31 x34x

−1
14 x15 + x21x

−1
41 x45.

5

1

23

4
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Triangle group and braid group action

For any triangulation ∆ of Σn, the triangle group T∆ is defined to be

T∆ = 〈tij , (ij) ∈ ∆〉 subject to

tijt
−1
kj tki = tikt

−1
jk tji

for i, j, k ∈ [n].

Proposition

For any two triangulations ∆,∆′ of Σn, T∆
∼= T∆′ .

We denote TΣn = T∆ and call it triangle group of Σn.
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Triangle group and braid group action

Fix a triangulation ∆ of Σn, define Tik ∈ Aut(T∆)

Tik(tγ) =


tijt
−1
kj tklt

−1
il tγ if γ = (ik)

tγt
−1
li tlkt

−1
jk tji if γ = (ki)

tγ otherwise

for any internal edge (ik) of ∆ where (ijkl) is a cyclic quadrilateral

containing (ik) as a diagonal.

i j

kl
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Triangle group and braid group action

Denote Br∆ = 〈Tik, (ik) ∈ ∆〉 < Aut(T∆).

Theorem

For any two triangulations ∆,∆′ of Σn, Br∆
∼= Br∆′

∼= Brn−2.

If ∆ is a triangulation of the hexagon as in the picture

1 2

3

45

6

then BrA6 = Br4 is generated by T13, T15, and T35 subject to

T13T35T13 = T35T13T35, T35T15T35 = T15T35T15, T35T15T35 = T15T35T15

and T13T15T35T13 = T15T35T13T15 = T35T13T15T35.
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Non-commutative marked surfaces and

their cluster structure
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Non-commutative marked orbifolds

Σ = (S,M,U) marked orbifold, i.e.,

S Riemann Surface,

M ⊂ S marked points, |M | <∞

U ⊂ S \ ∂S orbifold points, |U | <∞,M ∩ U = ∅

Curve (up to isotopy S \ (M ∪ U)): oriented, connects two marked

points,

γ̄ reverse the orientation of γ

Γ(Σ): set of curves in Σ
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Non-commutative marked orbifolds

Definition [Berenstein-H-Retakh]

The non-commutative orbifold A(Σ) is defined to be the non-commutative

algebra generated by xγ , γ ∈ Γ(Σ), subject to

(1) (triangle relation) xγ1x
−1
γ̄2 xγ3 = xγ̄3x

−1
γ2 xγ̄1 for any triangle (γ1, γ2, γ3)

in Σ;

(2) (Ptolemy relation) xjl = xjix
−1
ki xkl + xjkx

−1
ik xil for any quadrilateral

(i, j, k, l) in Σ;

(3) (Monogon relations) xγ = xγ for each loop γ cuts out a monogon

which contains only an orbifold point.
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Non-commutative orbifolds

Definition–continuous

(4) (Bigon orbifold relations)

xα′ = xᾱ1x
−1
α xα1 + 2 cos( π|p|)xᾱ1x

−1
α xᾱ2 + xα2x

−1
α xᾱ2 for any bigon

(α1, α2) around an orbifold point p, where α is the loop around p such

that (α1, α2, α) is a triangle and α′ is the loop around p such that

(α′, α2, α1) is a triangle.

¯: AΣ → AΣ, xγ 7→ xγ̄ is an involution.

Remark

This is a non-commutative version of (generalized) cluster algebras from

orbifolds.
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Total angle

Let ∆ be a triangulation of Σ.

For any ∆ and any cyclic triangle (γ1, γ2, γ3) in ∆ denote

Tγ1,γ2,γ3 := x−1
γ3 xγ2x

−1
γ1 = x−1

γ1
xγ2x

−1
γ3
.

For any i ∈M , denote

Ti(∆) =
∑

T(γ1,γ2,γ3) +
∑

2cos(
π

|p|
)x−1
`p
,

where the first summation is over all clockwise triangles (γ1, γ2, γ3) in

∆ such that s(γ1) = i and T(γ1,γ2,γ3) = x−1
γ1
xγ2x

−1
γ3

, the second

summation is over all clockwise loops `p enclose an orbifold point p

with s(`p) = i.
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Total angle

Proposition

Let ∆,∆′ be two triangulations of Σ. We have

Ti(∆) = Ti(∆
′).

We refer it as the total angle at i.

An equivalent presentation of AΣ:

Angle at a vertex of any triangle is well-defined.

Angles at any marked point are additive.
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Noncommutative surfaces – Tagged cluster variables

i puncture, γ is a curve with t(γ) = i, define xγ(i) = xγTi.

i, j punctures, γ is a curve with s(γ) = i, t(γ) = j, define

xγ(i,j) = TixγTj .

Call them tagged (non-commutative) cluster variables.

Theorem

For any puncture i the assignments xγ 7→ T
δi,s(γ)
i xγT

δi,t(γ)
i define an

involutive automorphism ϕi of AΣ, where s(γ) and t(γ) are respectively

the starting and terminating point of γ.

Moreover, these automorphisms commute so that for any subset P of

punctures the composition ϕP of all ϕi, i ∈ P is well-defined.

�¯ (¥ì�Æ) Noncommutative surfaces, clusters, and their symmetries 10-23, 2024 21 / 33



Noncommutative surfaces – Tagged cluster variables

i puncture, γ is a curve with t(γ) = i, define xγ(i) = xγTi.

i, j punctures, γ is a curve with s(γ) = i, t(γ) = j, define

xγ(i,j) = TixγTj .

Call them tagged (non-commutative) cluster variables.

Theorem

For any puncture i the assignments xγ 7→ T
δi,s(γ)
i xγT

δi,t(γ)
i define an

involutive automorphism ϕi of AΣ, where s(γ) and t(γ) are respectively

the starting and terminating point of γ.

Moreover, these automorphisms commute so that for any subset P of

punctures the composition ϕP of all ϕi, i ∈ P is well-defined.
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Triangle group and braid group action

∆: ideal triangulation of Σ, the triangle group T∆ = 〈tγ , γ ∈ ∆〉
subject to

tγ1t
−1
γ̄2 tγ3 = tγ̄3t

−1
γ2 tγ̄1

for any triangle (γ1, γ2, γ3) in ∆.

∆ tagged triangulation of Σ, the triangle group T∆ = 〈tγ , γ ∈ ∆〉
subject to

tγ1t
−1
γ̄2 tγ3 = tγ̄3t

−1
γ2 tγ̄1 for any triangle (γ1, γ2, γ3) in ∆.

t10t01tag = t10tag t01;

t+21(t10t01tag)
−1t−12 = t−21(ttag10 t01)−1t+12 for any once-punctured digon.
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Triangle groups

Proposition

For any two tagged triangulations ∆,∆′ of Σn, T∆
∼= T∆′ .

We denote TΣ = T∆ and call it triangle group of Σ.
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Noncommutative Laurent Phenomenon

∆: tagged triangulation of Σ, define a natural embedding

ι∆ : T∆ → A×Σ , tγ 7→ xγ ,

Theorem (Noncommutative Laurent Phenomenon)

The extension ι∆ : QT∆ → AΣ is injective for any tagged triangulation ∆

of Σ and all xγ (γ is a tagged curve) belong to its image. More precisely,

each xγ can be uniquely expressed as a positive sum of elements of

ι∆(T∆).

In fact, the total angles Ti are in the image of all ι∆.
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Triangle group and braid group action

Fix an ideal triangulation ∆ of Σ, if γ is not a self-folded arc, define

Tγ ∈ Aut(T∆)

Tγ(tα) =


tijt
−1
kj tklt

−1
il tγ if γ = (ik)

tγt
−1
li tlkt

−1
jk tji if γ = (ki)

tγ otherwise

for any internal edge (ik) of ∆ where (ijkl) is a cyclic quadrilateral

containing (ik) as a diagonal.

i j

kl
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Triangle group and braid group action

1

0

2

+ −

If γ = (0, 1) is self-folded arc, define Tγ ∈ Aut(T∆)

Tγ(tα) =



t+12(t−12)−1t10 if γ = (10)

T̄γ(10) if γ = (01)

t+12(t−12)−1t11 if γ = (11)

tγ otherwise
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Triangle group and braid group action

Denote Br∆ = 〈Tγ , γ ∈ ∆〉 < Aut(T∆).

Theorem

For any two triangulations ∆,∆′ of Σ, Br∆
∼= Br∆′ , moreover,

(a) if α and β are not two sides of any triangle in ∆, then TαTβ = TβTα;

(b) If α and β are two sides of exactly one triangle in ∆, then

TαTβTα = TβTαTβ;

(c) If (α1, α2) forms a once-punctured bigon with diagonals α3 and α4,

assume that (α1, α3, α4) is a clockwise triangle in ∆ and α1, α2 are

not two sides of any triangle in ∆, then

Tα1Tα4Tα2Tα3Tα1Tα4 = Tα4Tα2Tα3Tα1Tα4Tα2 ;
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Continue

Theorem

For any two triangulations ∆,∆′ of Σ, Br∆
∼= Br∆′ , moreover,

(d) If (l(α), α1, α2) and (l(β), α1, α2) are two different clockwise cyclic

triangles in ∆ such that l(α) and l(β) are not two sides of any triangle in

∆, then
TαTα1Tα2TαTα1Tα2 = Tα1Tα2TαTα1Tα2Tα,
TβTα1Tα2TβTα1Tα2 = Tα1Tα2TβTα1Tα2Tβ;

(e) If α1, α2, . . . , αn (n ≥ 2) are all the arcs incident to some puncture

p ∈ Ip, assume that α1, α2, . . . , αn are in clockwise order and αi 6= αj for

any i 6= j, then

Tα1Tα2 . . . TαnTα1Tα2 . . . Tαn−2 = Tα2Tα3 . . . TαnTα1Tα2 . . . Tαn−1 .
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Triangle group and braid group action

Remark
1 The groups satisfy relations (a)-(c), (e) appeared in terms of quiver

with potential by Qiu, Qiu-Zhou, King-Qiu, etc;

2 The automorphisms Tγ is inspired by the symplectic transvection

defined by Shapiro-Shapiro-Vainshtein-Zelevinsky.
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Center of the braid groups BrA, BrD

Theorem[Berenstein-H-Retakh] Let (S,M) be an n-gon or a

once-punctured n-gon and T be a triangulation of (S,M). Assume that C

is a linear order on T which is compatible with Q(T ). Then (
∏C
i∈T τi)

c is

the generator of the center of BrT , where c is the Coxeter number.
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Symmetries for surfaces

Example Rotation 2π/3 gives an automorphism of the hexagon, it induces

an automorphism of TT and an automorphism ϕ of Br4.

T1T2

T3

Then ϕ is inner and ϕ(−) = τ · − · τ−1, where τ = T1T2T3T1 and

τ3 ∈ Z(Br4) = 〈τ3〉.
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Symmetries for surfaces

Example Rotation 2π/3 gives an automorphism of the hexagon, it induces

an automorphism ϕ of Br3k+1. Denote τi = TiTk+iT2k+i for

1 ≤ i ≤ k − 1 and τk = TkT2kT3kTk.
T1

Tk−1

Tk

Tk+1

T2k

T2k−1

T3k

T2k+1
T3k−1

Then ϕ is inner and ϕ(−) = τ · − · τ−1, where τ = (τ1 · · · τk−1τk)
k and

τ3 ∈ Z(Br3k+1) = 〈τ3〉.
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